Diffusive behavior of multiplex networks by Cencetti, Giulia & Battiston, Federico
Diffusive behavior of multiplex networks
Giulia Cencetti1, 2 and Federico Battiston3
1Dipartimento di Ingegneria dell’Informazione, Università degli Studi di Firenze
2Dipartimento di Fisica e Astronomia, Università degli Studi di Firenze, INFN and CSDC
3Department of Network and Data Science, Central European University, Budapest 1051, Hungary
Diffusion describes the motion of microscopic entities from regions of high concentration to regions
of low concentration. In multiplex networks, flows can occur both within and across layers, and
super-diffusion, a regime where the time scale of the multiplex to reach equilibrium is smaller than
that of single networks in isolation, can emerge due to the interplay of these two mechanisms. In the
limits of strong and weak inter-layer couplings multiplex diffusion has been linked to the spectrum
of the supra-Laplacian associated to the system. However, a general theory for the emergence of
this behavior is still lacking. Here we shed light on how the structural and dynamical features of
the multiplex affect the Laplacian spectral properties. For instance, we find that super-diffusion
emerges the earliest in systems with poorly diffusive layers, and that its onset is independent from
the presence of overlap, which only influences the maximum relative intensity of the phenomenon.
Moreover, a uniform allocation of resources to enhance diffusion within layers is preferable, as highly
intra-layer heterogenous flows might hamper super-diffusion. Last, in multiplex networks formed by
many layers, diffusion is best promoted by strengthening inter-layer flows across dissimilar layers.
Our work can turn useful for the design of interconnected infrastructures in real-world transportation
systems, clarifying the determinants able to drive the system towards the super-diffusive regime.
INTRODUCTION
Diffusion processes are widespread in nature and are
known to be at the heart of many complex emerging col-
lective behaviours, from biology to physics, such as con-
tagions, animal migration, spreading of innovations, elec-
tric current in semiconductors, and Turing patterns [1–4].
A diffusion process is a macroscopic phenomenon result-
ing from the motion in space of microscopic entities, from
regions of high concentration to regions of low concentra-
tion. In many cases of interest, it is natural to schematise
the hosting spatial support as a discrete set of points,
connected by means of an intricate skeleton of channels,
which can be naturally represented as a complex net-
work. In this framework, the microscopic agents move
from node to node and the mobility process is governed
by the fact that every discrete step is performed from
each node towards the less crowded adjacent ones [5–8].
This results in a flowing mechanism which asymptotically
ends when all the nodes are equally populated. Such ho-
mogeneous state, where the concentration of agents is
uniformly distributed, represents a stable equilibrium for
the system, and, differently from related mobility pro-
cesses such as random walks [9], does not depend on
the structural features of the network. Nevertheless, the
topology of the interactions has an important effect on
the transient dynamics of the system, ultimately setting
the time scale needed to reach the eventual equilibrium.
In many real-world systems, from social [10] to trans-
portation networks [11], individual units can be con-
nected through links which differ for meaning and rel-
evance. For instance, the underground, bus and railway
networks coexist in many cities giving rise to multimodal
transportation systems where each network is associated
to a different spatial and temporal scale. These sys-
tems are well described by multiplex networks, where
links of different type are embedded into separate layers
of interactions [12–14]. Diffusion processes were among
the first dynamics introduced in the context of multi-
plex networks, where diffusion can occur both within and
across layers [15–18]. In this scenario, flows not only
take place through nodes connected at a given layer, but
also across two replicas of the same node belonging to
two different layers. This is for instance the case of sev-
eral main stations in major cities like London, where it
takes time to move from the train platforms to those of
the underground network, despite the two locations are
both identified with the same name. It is possible to
gain analytical insights on multiplex diffusion by study-
ing the spectrum of the supra-Laplacian associated to
the multi-layer system. Interestingly, Ref. [15] showed
that multiplex networks can have super-diffusive behav-
ior, meaning that their time scale to relax to the steady
state is smaller than that of any layer taken in isolation.
Since then, the spectral properties of multiplex networks
have been widely investigated [19–23], and the formalism
has been extended to describe more complex phenom-
ena, such as reaction-diffusion [24–26] and synchroniza-
tion processes [27]. Nevertheless, while it was suggested
that low correlation in the structure of the layers can en-
hance diffusion in a multiplex [28], a rigorous theory for
the emergence of super-diffusion is currently lacking.
In this work we unveil the main structural and dy-
namical determinants of multiplex super-diffusion. For
instance, low overlap between the edges of multi-layer
systems always maximizes the speed of the process when
diffusion across layers is high. However, surprisingly, link
correlations across layers do not affect positively the on-
set of super-diffusivity, which we find to be independent
from edge overlap. In the past, the lack of such correla-
tions has already been found responsible to increase the
fragility of multi-layer systems [29], to maximize the mix-
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2ing of random walkers [30], to promote multiculturality
in the Axelrod model [31], and hinder the beneficial effect
of interconnectedness to cooperative games [32].
Moreover, we find that the faster the diffusive structure
of the individual layers (higher density, broader degree
distributions, etc), the lower the beneficial effect of multi-
plexity to the velocity of the process. Multiplex diffusion
is promoted when the strength of diffusion within each
layer is of the same order. For instance, super-diffusion
might not be possible in the system if there exists at
least one very slow layer, no matter the speed of diffu-
sion across the other layers. Last, in multiplex networks
composed by a large set of partially overlapping layers,
diffusion is promoted by increasing the levels of interac-
tions, and by preferentially enhancing inter-layer diffu-
sion across networks with very different structure.
The paper is organized as follows. We first introduce
the mathematical framework to describe diffusion in net-
works composed by many layers, summarize the main
analytical results and define a novel indicator of multi-
plex super-diffusion. We then investigate the main struc-
tural and dynamical determinants of diffusion in a simple
scenario focusing on multiplex networks with two layers
only, both of them regular random graphs. This simple
scenario allows us to isolate the effect of some important
variables, namely the edge overlap between the layers,
their size and average connectivity, and the inter- and
intra-layer diffusion coefficients. We afterward extend
our analysis to scale-free topologies, and the case of net-
works formed by a large number of layers. Finally we
conclude by discussing possible further extensions of our
work.
MODEL
Let us consider a multiplex network composed by N
nodes that can interact across M different layers. The
structure of the multiplex network can be described by
associating an adjacency matrix A[α] = {a[α]ij }, α =
1, . . . ,M to each layer, where a[α]ij = 1 if i and j are con-
nected at layer α, and a[α]ij = 0 otherwise. For the sake
of simplicity, we consider the case where all connections
are undirected.
The process of diffusion on this complex support can
be studied by considering the time evolution of the state
x
[α]
i of a generic flowing quantity on node i at layer α.
The nodes are ordered according to the index i+(α−1)N
with i = 1, ..., N , such that the complete state vector is
x ∈ RN×M . The diffusion equation reads:
x˙
[α]
i =D[α]
N∑
j=1
a
[α]
ij (x
[α]
j − x[α]i )+
+
M∑
β=1
D[α,β]x (x
[β]
i − x[α]i ),
(1)
where D[α] is the diffusion coefficient within each layer α.
Within nodes, diffusion can also occur across layers, and
it is mediated by an inter-layer coefficient D[α,β]x , with
D
[α,α]
x = 0 ∀α [15, 19]. In matricial form Eq. 1 takes the
form:
x˙ = −LMx
where LM ∈ RNM×NM denotes the supra-Laplacian de-
fined in [15, 19] as:
LM = L` + Lx.
The two contributions correspond respectively to the
intra-layer and the inter-layer supra-Laplacians. The first
one is a block-diagonal matrix where the generic block α
is the standard Laplacian matrix of the individual layer
α, defined as: L[α]ij = k
[α]
i δij − a[α]ij , where k[α]i =
∑
j a
[α]
ij
denotes the degree of node i at layer α, and δij is the
Kronecker delta. Hence, we have:
L` =

D[1]L[1]
D[2]L[2]
. . .
D[M ]L[M ]

The inter-layer supra-Laplacian is instead a matrix
composed by M ×M blocks, each one being a diagonal
matrix of dimension N ×N :
Lx =

∑
αD
[1,α]
x IN −D[1,2]x IN . . . −D[1,M ]x IN
−D[2,1]x IN
∑
αD
[2,α]
x IN . . . −D[2,M ]x IN
... . . .
−D[M,1]x IN
∑
αD
[M,α]
x IN
 ,
where IN is the identity matrix of dimension N . For
simplicity, we will only consider processes where the in-
tensity of diffusion between two layers is equal in both
directions, i.e. D[α,β]x = D[β,α]x .
The solution of the system of equations (1) is found
by exploiting the eigenvector basis φ(k) of the supra-
Laplacian LM, which allows to express in exponential
form the time evolution of the state of the system as:
x(t) =
∑
k exp(−λMk t)φ(k), with {λk} the set of supra-
Laplacian eigenvalues. The analysis of the process is thus
reduced to studying the supra-Laplacian spectrum, and
the convergence to the equilibrium represented by the
homogeneous state is governed by the smallest non-zero
eigenvalue, λM2 , also called algebraic connectivity [33],
which sets the time-scale for the process.
While λM2 can in general be computed numerically, an
approximate solution has been found in the two limits of
strong and weak inter-layer coupling [15]. Let us consider
D[α] of order one ∀α, we have that:
(i) in the limit D[α,β]x  1, the smallest eigenvalues
coincide with those of the inter-layer supra-Laplacian, so
3the algebraic connectivity is given by λM2 = λ2(Lx). In
this limit, indeed, the bottleneck for the diffusion process
is given by the weak connections between layers. This
ultimately implies that the time scale of the diffusion
process is set by inter-layer diffusion and does not depend
on the structure of the individual layers.
(ii) For D[α,β]x  1, the smallest N − 1 non-zero
eigenvalues of LM can be approximated as the non-
zero eigenvalues of the average single-layer Laplacian
LAV = 1M
∑
α L
[α], i.e. λM2 ≈ λ2(LAV ). Here the intra-
layer networks come into play bringing with them all their
topological features, which can promote or hinder the dif-
fusion process.
In general, the diffusion time scale of the multiplex
network τM ∼ 1/λM2 is different from those of its indi-
vidual layers in isolation τ [α] ∼ 1/λ[α]2 , and the intensity
of diffusion across layers can dramatically affect the ve-
locity of the process. Interestingly, it has been found
that multiplexity can lead to super-diffusion, i.e. when
the multiplex time scale is smaller than that of each layer,
meaning that inter-layer diffusion facilitate the diffusion
process [15].
We therefore define a super-diffusion indicator, which
will be useful for our investigations, as the relative value
of the first non-zero eigenvalue of the supra-Laplacian of
the multiplex compared to that of the fastest layer:
ζ = λ
M
2 −maxα(λ[α]2 )
maxα(λ[α]2 )
. (2)
If the multiplex outperforms the single layers we have
super-diffusion and ζ > 0. We remark that, given a
networked system, such indicator does not provide a de-
scription of multiplex diffusion in absolute terms, but rel-
atively to the performance of the individual layers. For
this reason, having ζ1 > ζ2 for two structurally distinct
systems does not necessarily imply that diffusion is faster
in the former, but rather that multiplexity has a more
beneficial effect in this network compared to the latter.
In the following we provide a wide overview of some key
structural and dynamical determinants of the diffusive
behavior of multiplex networks, unveiling and clarifying
the emergence and the intensity of super-diffusion for a
wide class of systems.
RESULTS
Structural determinants of multiplex diffusion.
We start our investigation by considering multiplex
networks composed by two layers, with D[1,2]x = D[2,1]x =
Dx. The structural correlation between two layers can
be quantified by the edge overlap ω [34, 35]:
ω =
∑
i,j>i a
[1]
ij a
[2]
ij∑
i,j>i(a
[1]
ij + a
[2]
ij − a[1]ij a[2]ij )
, (3)
measuring the fraction of connected pairs i and j which
are linked at both layers, 0 ≤ ω ≤ 1. When ω = 1 the two
networks are equivalent, hence in the limit Dx  1 we
have that λM2 = λ
[1]
2 = λ
[2]
2 and ζ = 0. As in undirected
multiplex networks λM2 is an increasing function of Dx,
for weaker inter-layer diffusion ζ < 0 and super-diffusion
can never be achieved. The intensity of super-diffusive
behavior has been linked to high dissimilarity across lay-
ers in the past [28]. Here we systematically investigate
the effect of the overlap in controlled settings where we
can tune at will the structural correlations across the
layers of the multiplex, focusing both on the maximum
achievable super-diffusion, as well as its onset.
In Figure 1a we show the super-diffusion index ζ as a
function of both the overlap ω and the inter-layer coef-
ficient Dx for multiplex networks with N = 1000 nodes
composed by two regular random graphs (RRG) with the
same degree k[1] = k[2] = k = 4. Given two identical lay-
ers, it is possible to tune at will the value of edge overlap
by rewiring a fraction of edges f in one of the layers so
that ω = (1 − f)/(1 + f) [32, 36]. The lack of structure
in RRGs layers is functional to quantify the role of mul-
tiplex correlations for super-diffusion in a set up where
intra-layer effects are minimized. Intra-layer diffusion co-
efficients D[1] and D[2] are set equal to 1 without loss of
generality. This figure and the following ones have been
obtained by averaging over 50 independent realisation of
a multiplex network with the indicated features.
As shown, as long as ω < 1, multiplex super-diffusion
occurs in the system, and, surprisingly, in this simple
scenario its onset does not depend on the overlap. The
super-diffusive regime (in red) is indeed only triggered by
values of the inter-layer diffusion coefficient higher than
a critical value Dx,c ≈ 0.28. The onset of super-diffusion
is independent from ω also for different choices of size
N and connectivity k (results not shown). However, the
overlap is still important to determine the intensity of
super-diffusion: in the region Dx > Dx,c we observe a
clear gradient indicating that high values of ζ can only
be obtained for small overlap, with a maximum of ζmax =
1.45 when ω = 0. Super-diffusion is hence maximized by
minimizing the similarity in the structure of the layers,
in this way also reducing the overall robustness of the
system, as no pair of nodes is connected across multiple
layers [29].
In contrast, when the system is not super-diffusive, i.e.
ζ < 0 (in blue), multiplex diffusion is independent from
ω. This can be easily observed in Figure 1b, where we
report ζ as a function of Dx for a few selected values of
overlap. This is in agreement with the previously men-
tioned limit for D[α,β]x  1, according to which the al-
gebraic connectivity of the multiplex does not explicitly
depend on the structure of layers, nor their overlap. The
lack of effect of ω for Dx < Dx,c is also reminiscent of
the existence of structural transitions in multiplex net-
works [20], meaning that sufficiently strong values of the
inter-layer links are needed for the system to feel as a
whole and give rise to multiplex emergent dynamics.
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Figure 1: Structural determinants of multiplex diffusion in regular random networks. (a) Super-diffusion index
ζ as a function of the inter-layer diffusion coefficient Dx (in logarithmic scale) and of the overlap ω for multiplex networks
composed by two regular random graphs with average degree k = 4 and N = 1000 nodes, where the intra-layer diffusion
coefficients D[1] and D[2] have been set equal to one. The onset of super-diffusion is independent from ω, while its intensity is
maximized in absence of overlap. The critical value for super-diffusion is Dx,c = 0.28. (b) ζ as a function of Dx for five
selected values of overlap. In the non super-diffusive regime, ζ is independent from ω. Multiplex super-diffusion is harder for
increasing values of degree k (c), while it is not strongly dependent on the system size N (d).
In Figures 1c,d, we investigate also the effect of
additional structural features of the system, namely the
degree k of the RRGs and the number of nodes N in
the system. As shown, the lower the k the sooner the
onset of super-diffusion, and the higher its intensity. At
a first glance this result might seem counter-intuitive,
as in single-layer networks the algebraic connectivity is
typically an increasing function of the mean degree [37].
However, this means that, when coupling denser layers
with higher intra-layer diffusions, larger inter-layer val-
ues of Dx are necessary for multiplexity to be beneficial
to diffusion in the system. In contrast, the size of the
system does not affect significantly multiplex diffusion.
This suggests that in real-world multiplex transportation
networks, the addition of new nodes into the system
might harm the beneficial effect of multiplexity, driving
the networks outside the super-diffusive regime, unless
the number of new links is adequately well-connected
to the existing infrastructure. Results in these last two
figures are shown for ω = 0, but similar effects are
observed for all values of ω < 1.
Dynamical determinants of multiplex diffusion.
Having clarified the basic structural determinants of
multiplex diffusion, we now focus on the joint effect of
the three dynamical parameters of the model, namely
the inter-layer diffusion coefficients Dx, governing the in-
tensity of the flow across layers, and the two intra-layer
diffusion coefficients D[1] and D[2] governing flows within
layers.
In Figure 2a we show the super-diffusion index ζ as a
function of D[1] and D[2] for a multiplex network com-
posed by two RRGs with k = 4 and ω = 0, and where we
set Dx = 1. The diffusion process is clearly facilitated by
high values of D[1] and D[2], as expected. It is interesting
to notice that multiplex networks corresponding to the
same value of the sumD[1]+D[2], i.e. characterized by on
average the same intra-layer diffusion across the two lay-
ers, are not associated to the same diffusion time scale.
In particular, ζ decreases while the difference between
D[1] and D[2] increases and multiplex diffusion is maxi-
mized when the two coefficients are identical. In the case
of real-world infrastructures, where we can assume that
intra-layer coefficients D[α] reflect the size of channels
connecting nodes at the different layers (whose building
cost is the same), this means that resources should not
be allocated in a way to preferentially facilitate diffu-
sion in one of the layers, as this could not simply slow
down the system, but even carry the multiplex out of the
super-diffusive phase.
In Figure 2b we show ζ for a multiplex network with
maximum overlap ω = 1. As shown, because of the cor-
related structure of the two layers, super-diffusion gen-
erally emerges at higher values of intra-layer coefficients.
Also in the limit where one of the two coefficients, say
D[1], tends to zero, interestingly super-diffusion is still
achievable as long as D[2] is greater than a critical value
(D[2]c ≈ 3.6 for the system under consideration). Interest-
ingly such value is independent from ω. We refer to this
latter case as the maximally asymmetric dynamic config-
uration Amax that sustains super-diffusion. Conversely,
we indicate the case D[1] = D[2] = D as a dynamically
symmetric configuration S. We quantify the relative ad-
ditional cost to achieve super-diffusion in asymmetric
configurations by the index σ, which accounts for the
relative difference between the critical value of the sum
of the intra-layer diffusion coefficients for the maximally
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Figure 2: Dynamical determinants of multiplex diffusion in regular random networks. Phase diagrams of ζ as a
function of the two intra-layer diffusion coefficients D[1] and D[2] for ω = 0 (a) and ω = 1 (b) for regular random graphs with
k = 4 and Dx = 1. Symmetric configurations with D[1] = D[2] are the most convenient for the onset of super-diffusion, though
the difference is the greatest for ω = 0. This effect can be quantified by σ, accounting for the relative additional cost
associated to achieve super-diffusion in asymmetric dynamical configurations where D[1] 6= D[2], shown as a function of ω (c).
While in symmetric configurations super-diffusion is always achievable, this is not true for asymmetric configurations for
values of inter-layer diffusion Dx lower than 0.60 (d). As an example, we report ζ as a function of D[1] and D[2] for ω = 1 and
Dx = 0.28 (e).
asymmetric and symmetric configurations. In formulae
σ = (D
[1] +D[2])c,Amax − (D[1] +D[2])c,S
(D[1] +D[2])c,S
, (4)
where σ = 0 indicates that there is no additional cost
for multiplex super-diffusion in asymmetric dynamical
configurations. As shown in Figure 2c, the higher the
overlap the lower the relative cost σ, with a minimum
of σmin ≈ 0.78 for ω = 1. In contrast, for ω = 0 the
increased cost of the asymmetric configurations are max-
imum, and σmax ≈ 2.65.
Interestingly, in this case where Dx = 1, multiplex
super-diffusion is always achievable also in such asym-
metric configurations. However, this is not always true.
In Figure 2d we show the critical value of intra-layer
diffusions for both S (black crosses) and Amax (orange
triangles) as a function of Dx. In general, the lower
Dx the harder it is to achieve super-diffusion. More
importantly, for values of Dx smaller than Dxc ≈ 0.6
D
[2]
c (D[1] → 0) diverges, meaning that super-diffusion
can not be achieved if contributions to multiplex
diffusion from the two layers are very unbalanced,
independently from the value of overlap. As an example,
in Figure 2e we show ζ as a function of D[1] and D[2]
for ω = 1 and Dx = 0.28. In contrast, symmetric
configurations always allow to reach super-diffusion, and
for this reason are to be preferred.
Multiplex super-diffusion in heterogenous net-
works. For the sake of simplicity, in the first two sections
we focused on the effects of structural correlations and
diffusion coefficients on multiplex diffusion by considering
multiplex networks composed by RRGs, where all nodes
have the same degree k. However, the layers of many
real-world systems are typically characterised by broad
degree distributions. In this Section we investigate mul-
tiplex diffusion on scale-free (SF) networks, characterised
by power-law degree distributions p(k) ' k−γ .
In Figure 3a we show the super-diffusion index ζ as a
function of both Dx and ω for two SF networks, both
of them with γ = 2.5 and 〈k〉 = 4, where we set
D[1] = D[2] = 1. Similarly to the case of homogenous
layers, in the limit of large Dx super-diffusion is max-
imized in absence of overlap. Besides, the onset of the
super-diffusive regime is independent from ω. We numer-
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Figure 3: Multiplex super-diffusion in heterogenous networks. (a) Super-diffusion index ζ as a function of the
inter-layer diffusion coefficient Dx (in logarithmic scale) and of the overlap ω for multiplex networks composed by two SF
networks with average degree 〈k〉 = 4, N = 1000 and γ = 2.5. In the limit of large Dx the intensity of super-diffusion is
maximum for low overlap, whereas its onset is independent from ω and occurs at Dx,c ≈ 0.08, a value smaller than the
corresponding scenario for regular random graphs.
Phase diagrams of ζ as a function of D[1] and D[2] (Dx = 1) for two layers with ω = 0 and (b) γ[1] = γ[2] = 2.5, (c) γ[1] = 2.8,
γ[2] = 2.2. The first symmetric case facilitates super-diffusion. In the latter case, super-diffusion is more easily achieved by
promoting diffusion in the layer with the broadest degree distribution.
ically estimated the critical value of inter-layer diffusion
atDx,c ≈ 0.08, a value smaller than that obtained for reg-
ular random graphs. As for sparser layers, networks with
a broad degree distribution typically have a smaller al-
gebraic connectivity, associated to slower intra-layer dif-
fusion, meaning that smaller inter-layer values of Dx are
sufficient for diffusion to benefit from the interconnected
nature of the system. We remark that the rewiring pro-
cess used to generate multiplex networks with different
values of overlap preserves the original degree sequence.
Thus, all considered configurations here have inter-layer
degree correlations maximum and equal to 1 [38]. For a
fixed overlap, say ω = 0, the absence of inter-layer de-
gree correlations fosters the emergence of super-diffusion
(results not shown).
In Figure 3b we show ζ as a function of D[1] and
D[2] for ω = 0 and Dx = 1. High values of intra-layer
coefficients facilitate diffusion, which is maximized for
D[1] = D[2]. Compared to the analogous case for RRGs
shown in Figure 2a, dynamical asymmetry in intra-layer
diffusion is less penalizing in SF networks, as we find
σSF(ω = 0) = 1.69 < σRRG(ω = 0) = 2.65. Finally, in
Figure 3c we show ζ for two SF layers with ω = 0, 〈k〉 = 4
and different power-law exponents, namely γ[1] = 2.8 and
γ[2] = 2.2. First, we notice that the structural asymme-
try does not help the the relative velocity of the diffusion
process, nor the onset of multiplex super-diffusion. In
both Figure 3b and Figure 3c, we considered multiplex
networks without inter-layer degree correlations.
Differently from before, because of the structural
asymmetry in the system, for constant values of
D[1] + D[2] super-diffusion is not maximized for
D[1] = D[2]. As γ[2] < γ[1], the second layer has a
broader degree distribution and is diffusing faster than
the first one. Consequently, if increasing the diffusive
potential of the two layers has the same cost, it is
preferable to allocate resources on the second layer.
Multiplex super-diffusion in networks with
many layers. All the above considerations can be easily
extended to multiplex networks formed by many layers,
i.e. M > 2. In this type of system, the overlap is often
quantified as the average overlap [32]
〈ω〉 = 2
M(M − 1)
∑
α,β>α
ω[α,β], (5)
where ω[α,β] is the overlap between layers α and β. In
Figure 4a we report the super-diffusion index ζ as a func-
tion of 〈ω〉 in the limit of large Dx for multiplex networks
formed by different number of layersM , each one of them
an RRG with 〈k〉 = 4. As shown, for the same mean
overlap, multiplex networks with more layers are able to
achieve a higher multiplex super-diffusion. In the inset of
Figure 4a, we report ζ as a function of a different measure
of aggregate overlap, defined as
Ω = 〈e〉 − 1
M − 1 (6)
where
〈e〉 =
∑
i,j>i
∑
α a
[α]
ij∑
i,j>i 1− δ0,∑
α
a
[α]
ij
.
(7)
is the mean number of layers at which connected pairs of
nodes in the multiplex networks are linked. Similarly to
the mean overlap, 0 ≤ Ω ≤ 1, and the measure reduces to
Eq. 3 for a system with two layers only. Differently from
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Figure 4: Multiplex super-diffusion in networks with many layers. (a) Super-diffusion index ζ for multiplex
networks made of different number of layers as a function of two generalized measures of overlap 〈ω〉 and Ω (inset). The
higher the number of layers, the stronger the super-diffusion, and the earlier its onset, as shown in (b) in absence of overlap.
For M = 3, phase diagram of ζ as a function of different inter-layer diffusion coefficients for completely uncorrelated layers,
i.e. 〈ω〉 = 0 (c). For ω[1,2] = 1, ω[1,3] = ω[2,3] = 0, ζ as a function of different inter-layer diffusion coefficients (d and e). In all
three cases the onset of super-diffusion is not affected by the overlap. For partially overlapping layers, multiplex diffusion is
best enhanced when promoting diffusion across different layers.
the mean overlap, however, this measure of overlap is not
limited to capturing structural correlations between two
layers at a time. As shown, curves for different num-
ber of layers appear to collapse, at least for sufficiently
high values of aggregate overlap Ω > 1/3. This hints
at the necessity to investigate the effect of higher-order
non-pairwise layer correlations for dynamical processes
on multiplex networks, a direction that we leave for fu-
ture work. In Figure 4b, we report ζ for 〈ω〉 = Ω = 0
as a function of Dx. As shown, a higher number of layer
not only facilitates the intensity of super-diffusion, but
also its onset.
Finally, we investigate the effect of heterogenous inter-
layer diffusion coefficients D[α,β]x in multiplex networks.
For the sake of simplicity we show results for M = 3,
all RRGs with 〈k〉 = 4, but the following findings can
be easily extended to the case of networks with a generic
number of layers. In Figure 4c we show ζ as a function of
D
[1,3]
x andD[2,3]x (in log-log scale), for a system with 〈ω〉 =
Ω = 0, D[1] = D[2] = D[3] = 1, and where we set D[1,2]x =
1. Once again diffusion is maximally speeded up when
the coefficients assume their highest values. As for the
case of intra-layer diffusion, by plotting the same figure
in linear scale it appears that symmetric configurations
are slightly preferred under the constraint that the sum
D
[1,3]
x +D[2,3]x is constant (plot not shown).
In Figure 4d multiplex diffusion is investigated for
8a system where the first two layers are identical and
completely different from the third one, i.e. ω[1,2] = 1,
ω[1,3] = ω[2,3] = 0. By changing the values of D[1,3]x
and D[2,3]x (again we set D[1,2]x = 1), in both cases we
are tuning inter-layer diffusion between non-overlapping
layers, hence as expected the phase diagram is symmet-
rical, describing inter-layer diffusion between identical
layers, is again set to 1). Remarkably, the region of
non-superdiffusivity in the phase diagram for Figure 4c
and Figure 4d is the same, even though the two mul-
tiplex networks have very different overlap. This can
be considered as a generalization of the findings of
Figures 1a,b to the case of networks with arbitrary
number of homogenous layers, for which the onset of
super-diffusion is independent from 〈ω〉. In contrast, the
overlap affects the intensity of super-diffusion, which is
maximized when the structure of the layers is maximally
different (the colorbars of Figure 4c and Figure 4d
have different scales). Last, in Figure 4e we show ζ
for the same multiplex network, this time as function
of D[1,2]x (inter-layer diffusion across identical layers)
and D[1,3]x (inter-layer diffusion across different layers.
We set the other coefficient D[2,3]x = 1). As the phase
diagram shows, D[1,3]x is responsible for a much greater
variability of ζ than the other coefficient. This means
that multiplex diffusion is promoted more by enhancing
diffusion across different layers, rather than similar ones.
CONCLUSIONS
Diffusion was one of the first dynamics to be investi-
gated on networks with multiple layers of interactions.
In particular multiplex super-diffusion is a paradigmatic
example of novel emergent behavior which can not be
understood by considering each layer in isolation or by
merging together the different networks of interactions.
In Ref. [15] selected network topologies were shown to
sustain super-diffusion, even though no general theory
for its emergence was derived. In this work we have clar-
ified the structural and dynamical determinants of super-
diffusive behavior in multiplex networks. We have shown
that, for large diffusion within layers, the absence of over-
lap is crucial to maximize the beneficial effect of the mul-
tiplex structure to the process. However, low overlap is
not favourable to the system for low and intermediate
values of inter-layer diffusion. In fact, surprisingly, the
onset of super-diffusion is independent from the presence
of structural correlations, both for regular random and
scale-free layers. We have also shown that, when building
costly channels within each layer, an equal allocation of
resources is preferable, as balanced intra-layer diffusion
best sustains multiplex diffusion. More importantly, an
unequal allocation across layers might cause the system
to jump out of the super-diffusion regime, thus eliminat-
ing the potential beneficial effect of multiplexity. Last,
for systems composed by a large number of layers, our
analysis suggests that pairwise network distance is not
enough to fully capture the complexity of the process.
For such reason, we urge that more efforts be focused to
link the emergence of multiplex dynamics to the underly-
ing structure measured at a global scale, as by multiplex
reducibility [39].
In conclusion, our work sheds new light on the diffusive
behavior of multiplex networks, and hopefully will trigger
further investigations in this directions. In particular,
combining real-world multiplex properties with realistic
directed diffusion within layers, recently associated to the
emergence of a new super-diffusive regime [40], seems to
us a particularly promising direction to explore, that we
leave for the future.
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